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Abstract
In this paper, we study the tritium β−decay in the field theory of the superluminal
(faster-than-light) neutrino. We show how the unstable transient modes with ~q · ~q <
m2ν lead to an excess of events at the endpoint.
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1 Introduction
Speculations that neutrinos are tachyonic have been made over the years, largely motivated by the
negative mass-squared results from the precision measurements of the tritium β-decay end-point
spectrum measurements by the Mainz group[1] and the Troitsk group[2].
m2νe = (−1.6 ± 2.5± 2.1) eV 2 (Mainz) (1)
m2νe = (−2.3 ± 2.5± 2.0) eV 2 (Troitsk) (2)
While we await the next generation of even higher precision experiment from the Karlsruhe Tritium
Neutrino Experiment[3] (KATRIN group), it is a valid question to ask if a tachyonic neutrino is
even a self-consistent theory, and to look for possible physical consequences of such a possibility.
A particularly interesting proposal was made by Chodos, Hauser, and Kostelecky in 1985(ref[4]).
They wrote down the 4-component Dirac-like equation
γ · ∂ Ψ(~x, t) = − m γ5 Ψ(~x, t) (3)
where the γ5 is crucial to making the mass tachyonic. However, no attempt was made to quantize
the theory or investigate the field theoretic properties of the tachyonic neutrino. Nevertheless,
they pointed out that the tritium end-point spectrum shape is sensitive to the tachyonic vs normal
nature of the neutrino.
1This work has been supported in part by a grant from PSC-BHE of CUNY.
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To set the notation for our later discussion, we shall use p,E for electron 4-momenta, and
reserve q, qo for neutrino 4-momenta, and refer to x as the electron energy difference from its
maximum energy
x ≡ Emax −E (4)
Depending on the nature of the neutrino, Emax takes on the respective values
Emax (normal) = ∆− p2/2M −mν (5)
Emax (tachyon) = ∆− p2/2M (6)
where ∆ is the mass difference between the nuclei.
Near the endpoint, for x→ 0, Chodos et al[4] gave the comparison
dN
dx
(normal) ∝ mν ·
√
2mνx (7)
dN
dx
(tachyon) ∝ mν · x (8)
so that the shape of the endpoint spectrum gives a clear distinction between a normal neutrino vs
a tachyonic neutrino.
In giving this estimate for the tachyonic neutrino, however, they have included only physical
spacelike momenta, ~q · ~q − q2o = m2ν , in the decay lifetime,
τ =
1
2
· 1
(2P ′o)
∫
d3P
(2π)3(2Po)
d3p
(2π)3(2po)
d3q
(2π)3(2qo)
(2π)4δ(4)(P ′ − P − p− q)
∑
|M |2 (9)
= G2F ·
2
π3
·
∫ (∆−me)
0
p(∆− p
2
2M
− x) dx · (x
√
m2ν + x
2) (10)
Here p is the electron momentum, related to x by
p2 =
(∆− x)2 −m2e
1 + (∆− x)/M (11)
Because Chodos et al[4] did not attempt a canonical quantization of pseudo-Dirac equation
(3), their expression for the tritium decay spectrum is missing a contribution from the transient
modes in a full tachyon field theory. As we will show in this paper, this contribution appears as an
excess at the end-point of the tritium β-decay spectrum. (See Fig. 1.)
As a result of this transient contribution, the full tachyonic decay spectrum near the endpoint
is no longer a straight line (see spacelike momenta contribution in Fig. 1), but a concave curve, in
contrast to a convex parabolic curve for a normal neutrino. (See Fig. 2.)
2 Background
Earlier studies of tachyon field theory encountered many difficulties. It is well-known that a tachyon
field ψ
sp
containing only spacelike momenta (~q · ~q > m2) does not obey micro-causality. The equal
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time anti-commutator {ψsp(~x, 0), ψ†sp(~y, 0)} is not a simple spatial delta function, but has a space-
like tail that destroys micro-causality.
To make a spatial delta function, you need to include Fourier components with ~q · ~q < m2.
But these modes are complex solutions, and the problem becomes one of physical interpretation
of exponential decaying and runaway states. Because there was no context for the inclusion or
presence of these “unphysical” modes, the canonical quantization of a tachyon field theory has
largely lain dormant over the years.
In a previous paper[5], we have reported on the complete canonical quantization of tachyonic[6]
(faster-than-light) neutrino field theory. While considering Majorana mass terms for the neutrino
field, ψL, we found that by coupling it to a sterile negative-metric ψ
′
L field, the neutrino mass be-
comes space-like. The Majorana mass-mixing term is a local interaction, and therefore the resulting
tachyonic field is a Fourier transform over all momenta, including the “unphysical” ~q · ~q < m2 mo-
menta region. We thus have a well-defined context for the treatment of all Fourier components of
the neutrino field.
As shown in our previous paper[5], the ~q · ~q < m2 are crucial to restoring the locality
and microcausality of the resulting field theory. They lead to a rich structure of the vacuum as a
medium in which the neutrino propagates with velocity exceeding that of light.
In this paper, we follow up on this work and study in particular the full implications of
the tachyonic nature of the neutrino on the tritium β-decay spectrum, including these “unstable”
transient modes.
3 Tachyonic Neutrino Field Theory
In ref[5], we considered the Majorana mass term for the ψL neutrino field, and coupling it to a
sterile negative-metric ψ′L field makes the neutrino mass space-like.
γ · ∂ ψL(~x, t) = − m γ2 ψ′∗L (~x, t) (12)
γ · ∂ ψ′L(~x, t) = + m γ2 ψ∗L(~x, t) (13)
The Lagrangian takes the form
L = − ψ¯Lγ · ∂ ψL + ψ¯′Lγ · ∂ ψ′L − m ψ¯L C ψ¯′L
T −m ψ′TL C ψL (14)
where C is the charge conjugation matrix taken here to be γ2γ4, and the γµ matrices are all
hermitian, with µ = 1, . . . , 4, and γ4 ≡ −iγo. The negative-metric nature of the ψ′L field manifests
itself through the kinetic energy term of the Lagrangian. The fields satisfy the canonical anti-
commutation rules
{ψL(~x, t) , ψ†L(~y, t)} = δ(~x − ~y) (15)
{ψ′L(~x, t) , ψ′†L(~y, t)} = −δ(~x− ~y) (16)
with all other anti-commutators vanishing.
In the language of a composite four-component field, Ψ, where
Ψ(~x, t) =
(
ψL(~x, t)
− iσ2ψ′∗L (~x, t)
)
(17)
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the Majorana equations of motion, eq. (12,13), may be combined into a single 4-component equation
which turns out to be the same as the pseudo-Dirac equation (eq. 3) first written down by Chodos,
Hauser, and Kostelecky.[4]
Note that the negative-metric ψ′L does not participate in weak interactions. Its only interac-
tion is through the Majorana mass-mixing between ψL and ψ
′
L fields leading to the space-like mass
of the neutrino.
4 Canonical Quantization
A canonical quantization of this field theory reveals a rich structure of the vacuum. The fully-dressed
vacuum states are Nambu-Jona-Lasinio[7] condensates of the ψL field with the negative-metric but
sterile ψ′L.
Unlike the usual case, however, where the Hilbert space is built on a single physical vacuum
state, the Hilbert space here is built on two nilpotent vacua, which can be identified with the
scattering in and out states (see ref.[5]),
< Φin |Φin > = < Φout |Φout > = 0
< Φout |Φin > = < Φin |Φout > = 1
}
(18)
The full Hamiltonian, H, is hermitian in the Hilbert space of in and out vacua.
The propagators for the ψL and ψ
′
L fields may be summarized in terms of the propagator for
the four-component field, Ψ, of eq.(17)
< Φout| T
(
Ψ(x) Ψ¯(y)
) |Φin >=
∫
d4p
(2π)4
−γ · p+ i mγ
5
p · p−m2 − iǫ e
ip·(x−y) (19)
The Lorentz co-variance of this propagator is a direct consequence of the canonical anti-commutator
< Φout| {Ψ(x) , Ψ†(y) } |Φin > |xo=yo = δ(~x− ~y) (20)
so that micro-causality property is respected
< Φout| {Ψ(x) , Ψ†(y) } |Φin >= 0 for (~x− ~y)2 > 0 (21)
Here the metric is chosen such that
γµ · pµ ≡ ~γ · ~p− γo · po (22)
5 Tritium β-decay lifetime
The effective interaction Hamiltonian responsible for tritium β-decay may be written
Hint =
GF√
2
ψ¯
P
γµ(1 + γ5) ψN · ψ¯eγµ(1 + γ5) ψν + h.c. (23)
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By considering the perturbative expansion for the survival amplitude2 of the parent tritium nucleus
of momentum, P ′,
<< P ′s′; out|P ′s; in >> = < P ′s′; out| T (ei
∫
Hintdt) |P ′s; in > (24)
we find as usual
τ δs′s = lim
T→∞
1
2T
∫
d4xd4y < P ′s′; out| Hint(x) Hint(y) |P ′s; in > (25)
Here M ′ − i/τ gives the position of the pole in the tritium propagator.
Upon using the full neutrino propagator in eq.(19), and performing all the space-time inte-
grals, we find
τ =
1
2
1
(2P ′o)
∫
d3P
(2π)3(2Po)
d3p
(2π)3(2po)
d3q
(2π)3(2qo)
(2π)3δ3(P ′ − P − p− q)
∑
|M |2{
(2π)δ(P ′o − Po − po − qo) θ(~q · ~q −m2ν)
∣∣∣
qo=ω
+
2κ
(P ′o − Po − po)2 + κ2
θ(m2ν − ~q · ~q)
∣∣∣
qo=−iκ
}
(26)
Here ω ≡ √~q · ~q −m2ν ≥ 0 is the physical neutrino energy for spacelike momenta while κ ≡√
m2ν − ~q · ~q is related to the inverse lifetime of the transient mode. κ ranges over the values
mν ≥ κ ≥ 0 (27)
Eq.(26) gives the full contribution to the decay life-time due to the tachyonic pole in the
propagator (qµ · qµ − m2ν). The energy conserving delta function gives the familiar contribution
due to physical spacelike neutrino momenta. The new term arising from the transient modes is
a Breit-Wigner like enhancement at x = 0. For very small mν , this Breit-Wigner term may be
approximated by
2κ
x2 + κ2
−→ 2πδ(x) (28)
However, for small but finite mν , the transient contribution is not energy conserving, and so there
is an excess even for x < 0, with a width of the order of mν . (See fig. 1 ).
Upon performing the integration over neutrino momenta, the final expression for the lifetime
takes the form
τ = G2F ·
2
π3
∫ ∆−me
−|xres|
dx p(∆− p
2
2M
− x)
{
x ·
√
m2ν + x
2 · θ(x)
+
m2ν
4
− m
4
ν |x|
2(
√
m2ν + x
2 − |x|) ·
1
2x2 +m2ν + 2|x|
√
m2ν + x
2
}
(29)
2We use | ; in, out >> to distinguish the full scattering in- and out- states from the in- and out- states in the pure
neutrino sector. The full Hamiltonian includes the weak interaction Hint.
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In this expression, the lower limit of the dx integration depends on the experimental resolution for
Emax. Electrons with x below the lower limit, −|xres|, would have energy
E = ∆− p
2
2M
+ |xres| ≡ Emax + |xres| (30)
that is indistinguishable from background non-decay events, and are thus not included in the decay
counting rate.
To evaluate the total transient contribution to the tritium lifetime, we take the mν → 0
approximation, and find
τ |transient =
2G2F
3π2
pmax (∆ − p
2
max
2M
) ·m3ν (31)
where pmax =
√
∆2 −m2e/
√
1 + ∆/M .
6 Conclusion
In this paper, we have included the transient modes in the tritium decay spectrum and shown
how they lead to an excess of events near the endpoint. The transient mode contribution is a
Breit-Wigner like enhancement at the endpoint. The effect of this excess is to ‘fill up’ the linear
slope associated with the physical spacelike momenta at the endpoint and make the resultant decay
counting rate spill over into ‘unphysical’ electron energies, viz. those whose energies are greater
than Emax. From an experimental point of view, there is uncertainty in the precise mass of the
tritium, and of the daughter helium nuclei, and so the spill over, within experimental resolution, is
included in the decay counting rate.
Precision measurements of the tritium endpoint with these endpoint transient contributions
in mind would settle not only the age-old question as to the mass of the neutrino, but also as to
whether it is tachyonic or a normal particle.
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